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Abstract-The problems of thermal boundary-layer growth and heat transfer, for hydrodynamically fully 
developed turbulent flow in concentric annuli, are investigated bymeansof the momentum and heat-transfer 
integral equations, along with a modified universal velocity profile. 

The investigation was conducted for a range of radius ratios from 1.01 to 5, Prandti numbers from 0.01 
to 30 and a Reynolds number range of from 10000 to 200000. 

The results reveal that in general the heat-transfer coefticient attains the fully developed value in less 
than thirty equivalent diameters; also that the entrance length is moderately dependent upon radius ratio. 

There is good agreement between the present analysis and existing experimental data for the fully 
developed temperature profile regions. 

NO~NC~~~ u+, modified velocity parameter, con- 

thermal diffusivity (k/c&; centric annulus (~/~~); 

specific heat at constant pressure ; y+, modified distance parameter, con- 

equivalent diameter of annulus, centric annulus (Y u*z/v); 

2(r, - r,); N% Nusselt number ; 

convective heat-transfer coefficient ; f+, Prandtl number ; 

thermal conductivity ; Re, Reynolds number. 

heat flux ; Greek svmbols 
radius ; 
temperature ; 

radius ratio (r2/r1); 
thickness of thermal boundary layer ; 
eddy diffusivity ; 
absolute viscosity ; 
kinematic viscosity ; 
density; 
eddy diffusivity ratio (.aH/cM) ; 
shear stress ; 
functions ; 
non-dimensional thermal boundary- 
layer thicknessJ,/(r, - I~). 

velocity in x direction ; 
modified wall distance for annulus, 
equation (6); 
distance in flow direction from 
beginning of heated section ; 
distance parameter (r u;/v); 
friction velocity (TJ~)O’~; 
dimensionless temperature para- 
meter, 

(? - Vcr2 

414 

; Subscripts 
1, inner wall or inner region of annulus ; 

-. _.- 
t Present Address: Dept. of Mechanical Engineering, 2 _) outer wall or outer region of annulus ; 

University of Ottawa, Ottawa 2, Canada. b, bulk ; 
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4 fully developed ; 

H, heat ; 

h, edge of thermal boundary layer ; 

i, inlet; 

M, momentum ; 
m maximum ; 

& local. 

1. INTRODUCTION 

THERMAL entrance effects are always present, 
when a fluid flowing adiabatically into a passage, 
enters a region having a wall temperature 
different from that of the fluid. On entering the 
heated section, a new temperature distribution 
will be set up within the fluid; this may take 
various forms depending upon the heat flux 
boundary conditions and past history of the 
fluid. At the cross section where heating 
commences the temperature gradient in the 
fluid near the wall is theoretically infinite; the 
resulting local heat-transfer coefficient is, in 
theory, likewise infinite and decreases in the 
direction of fluid flow until a constant value is 
reached if constant fluid properties are assumed. 

dynamic entrance region in annuli appear to be 
those of Rothfus et al. [2] and Olson and 
Sparrow [3]. 

Results of Rothfus et al. on the entrance 
length of concentric annuli indicate a behaviour 
which is quite different from the results for tubes 
and parallel plate flow passages. As pointed out 
by Olson and Sparrow [3], the entrance lengths 
from the annulus data of Rothfus et al. [2] 
appear to be larger by a factor of ten, than the 
typical tube entrance lengths (for instance [4, 
$61) and to be strongly affected by the Reynolds 
number. 

Frequently the flow conditions or the design 
of a heat-transfer section are such that the 
thermal entrance region effects are significant 
and cognizance of the thermal entry length 
must be taken. In other cases, with very long 
flow passages, the entry length is only a small 
section of the whole length, and can be often 
ignored. 

In recent years, a considerable amount of 
work has been carried out on the problem of fully 
developed turbulent flow and heat transfer in 
annuli, both concentric and eccentric. The 
problem is of some practical importance as 
these configurations are used in nuclear reactors 
and in some types of heat exchanger. A great 
deal of work has been done on the problem of 
turbulent flow and heat transfer in the entrance 
regions of tubes and between parallel plates. 
Only limited information is available on the 
growth of turbulent thermal boundary layer in 
an annulus [l]. 

The only experiments regarding to the hydro- 

To explore this apparent anomaly, Olson 
and Sparrow investigated the entrance region 
by measuring the wall static pressures, for water 
flow in annuli (radius ratios of 2 and 3.2) and in 
a circular tube, fitted with interchangeable 
square or rounded entrances. The test covered 
the Reynolds number range from 16000 to 
70000. For the annuli, Olson and Sparrow 
found that the length required to approach to 
within 5 per cent of the fully developed pressure 
gradient was about twenty to twenty-five 
hydraulic diameters. This is in general accord 
with entrance length results for tube and 
parallel plates but differs from those of Rothfus 
et al. [2]. 

If the velocity profile of the fluid entering a 
heat-transfer passage is not developed, the entry 
effect will differ from that where the velocity 
profile is fully developed at the entrance. The 
case of purely thermal entrance effect in con- 
centric annuli when the fluid flow is already fully 
developed at the point where heating com- 
mences, may be dealt with theoretically using 
semi-empirical correlations for the velocity and 
heat diffusion properties of the flow. 

Using a boundary-layer model and integral 
methods, a similar approach to that used by 
Deissler [4] for tubes, is herein applied to the 
case of thermal entrance region heat transfer 
from the core of a concentric annulus; the case 
of heat transfer from the core being the one most 
usually encountered in practice. It is also 
assumed here that the fluid enters the annulus 
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with a uniform temperature and fully developed 
turbulent velocity profile. 

2. ANALYSIS 

2.1. Energy equation 
The energy equation for the thermal boundary 

layer in a concentric annulus can be written 
from the diagram, described by Fig. 1 in the 
idealized model, as 

[s” Tpuc2ar dr] I + 27rr, dx q1 
71 

+ {[j’pue27rr dr], - [fpuc2nrdr],) Y& 
*, I1 

(1) 

where 1 and 2 refer to the planes indicated. 
For small heat fluxes, the properties of the 
fluid may be assumed to be constant and for 
uniform heat flux at the wall of the core tube, 
an integration of equation (I) then reduces, in 
terms of dimensionless parameters defined in 
the Nomenclature, to 

X 

Fe= 2r;2 ta _ l) ?(I: - T+f U+ r+ dr+. (2) 
r1 

The length x for a given thermal boundary-layer 
thickness 6, can be calculated from equation (2) 
provided that U+ and T+ are known functions 
of r+. It is assured that 6, = 0 at x = 0. 

In the present study, the velocity profile at 
the commencement of the heated section is that 
for fully developed turbulent flow, whereas the 
temperature is uniform, ?j at x = 0. 

2.2. Temperature distribution 
In order to obtain the temperature distribu- 

tion, use is made of the concept of eddy diffus- 
ivity, E, and the basic equations governing the 
transport of momentum and heat can thus be 
written as : 

;=(v+Qf)g 

and 

(4) 

The temperature distribution T(r), for a given 
wall heat flux and fluid can be determined from 
equation (4) if &H(r) and &) are both known. 
Before undertaking the solution of this equation 
it is necessary to know the relation u(r) for given 
values of CC, and also to know the variation of 
(sH/sM) (I) = o(r) where E&r) can be evaluated 
from equation (3). 

The evaluation of E&r) requires a knowledge 
of ?(rJ and u(r). The shear stress and velocity 
distribution in fully developed pipe flow are 
well defined, but in the annulus geometry there 
is some uncertainty regarding the positions of 
radius of maximum velocity and zero shear [7]. 

INSULATED 

DEVELOPED 

FIG. 1. Idealized model. 
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Although the positions of radius of maximum 
velocity is definitely less than for laminar flow 
with the deviation being greater for larger 
radius ratios [l, 7,8], in the present analysis it is 
assumed that zero shear stress occurs at the 
radius of maximum velocity and that the radius 
of maximum velocity in annular turbulent flow 
coincides with Lamb’s [9] radius of maximum 
velocity. The latter assumption is reasonabie in 
the range of radius ratios smaller than five in the 
light of the findings of [i, 8, 111. The displace- 
ment of the radius of maximum velocity in fully 
developed flow due to heat transfer is also 
assumed negligible. 

It is well-known fact that the standard 
universal velocity distribution is not fully 
adequate for the inner velocity profile of a 
concentric annulus [7, 8, lo]. For the velocity 
distribution, U(I), a modified universal velocity 
profile is used. The experimental velocity distri- 
butions in concentric annuli reported in [7, 12, 
131, are closely correlated by the following 
modified single profile: 

U+ = 2.5 In(l + 0.4 Y+) 

+7.8 [I -exp (-3 - (G). 

expf- 0.33 Y’) 1 , (Y’ Z 0). 

This velocity profile, originally due 

(3 

to 
Reichardt [ 141, has the coordinates modified to 
U + and Y+ as defined in the Nomenclature and 

explained in [12] where 

rf - ri Y=-.--..- 
r2 

2 0.5 - - rz + r2 + 2riln 

(4) 

Now, the eddy diffusivity for momentum, Q,, 
can be determined from equation (3), knowing 
the velocity profile given by equation (6). 

In fully developed turbulent flow in a con- 
centric annulus, the mean static pressure can 
be assumed to be constant across any given 
cross section and the shear stress variation can 
be obtained from a force balance on an annulus 
fluid element as 

z(r) = t = f$) fS). (7) 

The following relation can be written for 
equation (3) from equation (5), 

dU+ dU+ dY+ 

-z- = dYf dr+ ~ = SS1(Y+)42(r”) (8) 

where 

$1 (Y’) = 1 + ;.4y+ +z [exp(-$) 

- exp(- 0.33Y+) + 0>33Y+ expf-0*33Y+) 1 
(9) 

and 
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Therefore, from equations (3,7,8), the following 
equation is obtained. 

(+Jv) = [r(r)/& (Y+). &(r+)l - 1. (11) 

The eddy diffusivity of momentum calculated 
from equation (11) gives the maximum values 
of EM at the point of maximum velocity. As 
pointed out in, [l, 73, there is evidence that sy 
does not go to a maximum value, nor to zero 
at the point of maximum velocity. For this study, 
two cases were considered in the case of fully 
developed flow : 

Case(i). The value of EM is permitted to increase 
to maximum at the point of maximum velocity 
(zero shear). 

Case (ii). The value of cM was permitted to 
increase up to the point one third of the passage 
and kept constant over the center third. 

The link between equations (3) and (4) is the 
ratio, o(r). The ratio a(r) is a function not only 
of Reynolds and Prandtl numbers, but also of 
the position in the cross section of the annular 
space. With air, c(r) seems to decrease from a 
value of 1.4 in the sub-layer region towards 
unity outside the so-called buffer layer, in much 
the same way as that measured in pipe flow [7]. 
Therefore in the present analysis for the case of 
Prandtl number of 0.72, it was first decided that 
although a single modified velocity profile was 
used, the velocity profile was divided into two 
regions in the determination of temperature 
distribution to allow for the variation of a(r) in 
the neighbourhood of the heated core wall as 
follows : (a) a wall region in the inner part of the 
annular space in order to study the effect of a 
(b) the remaining part. In the region (a) near the 
inner wall a(r) was taken to be (r(r) = 1.4 
- (Y +/75) and in the remaining region, referred 
to as region (b), a(r) was taken to be constant- 
unity. The results for other ranges of Prandtl 
numbers were calculated on the assumption 
that a(r) = 1 throughout the annular space. 

These assumptions were also taken to be valid 
in the thermal entrance region. Abbrechet and 
Churchill [15] from their experimental work 

on pipe, concluded that the eddy diffusivity for 
heat was independent of length in the thermal 
entrance region and hence a function only of 
fluid motion, although the work of Hanratty 
[16] indicates that at smaller values of x the 
values of eddy diffusivity for heat near the center 
of the pipe are seen to decrease. 

However, for the asymmetric case as in the 
present study, this difference in the eddy 
diffusivity obtained by the two workers from 
their experiments is of little importance, since 
the heat flux is small in the outer region. There- 
fore, it is assumed that the a(r) variation in the 
thermal entrance region of the concentric 
annulus is independent of the length, x. 

Now, equation (4) can be rearranged, by 
introducing non-dimensional parameters, T ‘, 
Pr and r’ as 

(12) 

To solve equation (12), the variation of heat 
flux, q(r) must be known. In order to be able to 
express the local heat flux q in terms of the known 
wall value, ql, it is necessary to make some 
assumptions concerning the velocity distribu- 
tion. This matter has been studied in detail by 
Barrow [17] along with a discussion on eddy 
diffusivity in the fully developed flow in an 
annulus. To express the local heat flux q in 
terms of q1 in a concentric annulus, he obtained 
the following equation: 

q = q1 II 
r ( > 

r: - r2 
rz - rf 

(13) 

assuming that the local velocity is constant and 
equal to the bulk velocity. He then applied a 
seventh power law velocity profile across the 
annular space in order to study the effect of a 
more realistic velocity distribution and the 
resulting expression was compared with equa- 
tion (13). The comparison showed that the more 
realistic velocity distribution predicted heat 
fluxes in the outer region of the maximum 
velocity of the annulus smaller than those 
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calculated from equation (13). However, since dimensionl~s variables, as 
the heat fluxes are already very small in the outer 
region ofthe annulus, the assumption concerning 
the velocity field is not critical to the evaluation 

‘/ TfU+r+ dr+ 

of q(r) in the region of greatest importance. 
(T;), = ;; (19) 

Therefore, equation (13) was modified in the 
1 Ufrf dr’ 
r; 

entrance region as 
and 

Z!/ tJ'r+dr'+ 
u; = ri 

(ri’ - r:‘) . 
(20) 

According to Deissler and Eian [ 181, the Therefore, the expressions of the Nusselt number 
linear variation of heat flux and shear stress and Reynolds number for concentric annuli can 
across a pipe gives very nearly the same tem- be written as 
perature and velocity distributions as those 
obtained with uniform heat flux and shear stress. Nu, = 

2rT(c( - l)Pr 
(21) 

The assumed distribution of heat flux given is (T;f), 

therefore not vital to the analysis but the varia- and 

tion given by equation (14) is close to that in the r; 

real situation and is therefore preferred. 4s VfrC dr+ 

With q(r) known, the combination of equa- Re z It (22) 
tions (11, 12, 14) yields upon integration the 

rT’(a + 1) 

following expression for the temperature The equation (21) can be used in the entrance 

r+ 

T+ = s dr+L dr+ 
(l/h) + a(r+) {[z(r+)/41 (Y+).& (r’)] - 11’ 

(15) 

,; 

2.3. Nusselt number and Reynolds number region as well as for the fully developed case. 
The local heat-transfer coefficient and Nusselt However, for (r” - r:)/(r: - r:) 3 S:, it is 

number are defined in the usual way as necessary that T’ = Ti. 

‘, = (TI 4’ ?& 
(16) 2.4. Computationul procedures 

The numerical solutions in this analysis were 

Nu, = !$z 
obtained with the KDF-9 digital computer at 

(17) the Computer Laboratory, University of Liver- 
pool. The machine language used was LU/ 

and Reynolds number as ALGOL. 

Re = p”bDe 
In the computing process, the parameter r: 

P . 
(18) is used as the independent variable with radius 

ratio, a. A graph of the relationship between r: 
Now, the bulk temperature, Tb, and bulk and Reynolds number is made for various radius 
velocity, ub can be defined, in terms of the ratios prior to the actual computation. This was 
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obtained from equation (22) and gives the diffusivity on the temperature at various values 
appropriate value of r: to be used with respect of Prandtl number is clearly seen. At high 
to a given radius ratio when the Nusselt numbers Prandtl numbers, the temperature gradient 
and the value of x/De for a corresponding close to the core wall is extremely large, in which 
Reynolds number are to be calculated, the case the molecular heat transfer term can be 
values of 6: being fixed. neglected in the region away from the core wall. 

Calculations were made for Reynolds num- 
bers ranging from 10000 to 200000, for radius 
ratios from 1.01 to 5 and for Prandtl numbers 
from @Of to 30. 

3. RESULTS AND DISCUSSlON 

The development of the non-dimensional 
temperature profiles in the thermal entrance 
region of a concentric annulus for uniform heat 
flux at the core and a fully developed velocity 
profile calculated from equation (15) are pre- 
sented in Fig. 2. 

A representative comparison of the predicted 
temperature distribution with the experimental 
results of [7f is shown in Fig. 4 as (T’/Ti) 
against the normalised wall distance. In this 
way, the use of wall heat flux, qr, can be avoided. 
The agreement between experiment and the 
present analysis is excellent in the case of air 
as the working fluid, Pr A 0.72. 

Fully developed temperature distributions at 
a radius ratio of 1.5 and Reynolds number 
loo00 are plotted in Fig. 3 for Prandtl numbers 
0.01, @I, I, 3 and 5. The effect of the eddy 

The numerical values in the present analysis 
calculated with different eddy diffusivity distri- 
bution mentioned in the Section 2.2 showed 
very little difference. For example, fully developed 
Nusselt numbers calculated with the distribution 
of eddy diffusivity for case (i) was 11342 while 
for case (ii) it was 113.14 when the Reynolds 
number was 50000, Prandtl number @72 and 

10 2 4 6 8 10 2 4 6 8 IO 2 4 6 a to 

MODtFfED WALL DISTANCE r’ 

FIG. 2. Predicted temperature distribution. 
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T+ 

7 
b 

60 

Q = 1.5, ffe= 10000 

50 

MODIFIED WALL DISTANCE Y+ 

Fro. 3. Fully developed temperature profiles. 

a = l-63, Pr= 0.72 
04 

- ANALYSIS, EP. (15) 

EXPERIMENT, REF. (7) 
0 X/De= 52.5 a 62.5 

0.2 
Re = 40000 

n 
“0 0.2 0.4 0.6 0.8 I.0 

fr -r, I / Ir* - r, I 

FIG. 4. Comparison of fully developed temperature profile 
with experiment. 

the radius ratio 15. Therefore all the results in 
the present analysis were calculated with the 
distribution of eddy diffusivity of case (i). 

The curves in Figs. 5 (a-c) show the effect of 
Reynolds number on the values of the ratios 
(~~~/~u~) in the thermal entrance region of an 
annulus at a given value of x/De and Prandtl 
number. It is seen that for a given Prandtl 
number and a, Reynolds number seems to have 
minor influence on entrance effects. The values 
of {~~~/~~~) very near to the entrance are 
lower for the high Reynolds numbers than for 
the low ones, for a given Prandtl number. 

To illustrate the effect of Prandtl number, a 
comparison is made in Fig. 6 as a function of 
x/De for three values of Prandtl number of 
0 1,l and 10. For a fixed Reynolds number and 
radius ratio, the entrance effects at a given 
distance, x/De, decrease with increasing Prandtl 
number, the same trends as observed in the 
pipe flow case [4, 5-J. Observation of the results 
in Fig. 6 shows that Nusselt numbers nearly 
reach their fully developed values long before 
the thermal boundary layers are fully developed. 
For example, a = 1.5, at Reynolds number 
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I.1 

I.6 

Nu, 
NUd 

I.5 

1.4 

I .3 

I.2 

I.1 

I.05 - 

I.0 

, 

I I I I I 
0 4 6 12 I6 20 24 26 30 

x/De 0 4 6 12 16 20 24 26 30 

FIG. 5(a). Entrance region Nusselt numbers. Fig. 5(c). Entrance region Nusselt numbers. 

4 8 12 16 20 24 28 

x/De 

FIG. 5(b). Entrance region Nusselt numbers. 

30 

FIG. 6. Entrance region Nusselt numbers. 
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= 50000 and Prandtl number = 1.0, the Nusselt 
number at (x/De), A 10 is within 5 per cent of 
its fully developed value at (x/De), = 21.35. 

Sparrow et al. [5] state in their analysis of 
the thermal entrance region in pipe flow that 
there is a marked decrease in the entrance 
length as the Prandtl number increases and that 
this is substantiated by the results of Deissler’s 
analysis [4] and of experiments by Boelter 
et al. [19], and Hartnett [6]. However, Hartnett 
concluded from his experiment work [6] that the 
entrance length, (x/De),, is unaffected by Prandtl 
number when Prandtl number is greater than 
one. He reported later that some effect of Prandtl 
number was noticed (see Discussion in [6]). 

Attention must now be brought to the delini- 
tion of the thermal entrance length used by the 
different investigators. The definition used by 
Sparrow et al. [5] is based on (NuJNuJ = 1.05; 
i.e. that distance required for the local heat- 
transfer coefficient to approach to within 5 per 
cent of the fully developed value. The values of 
(x/De),, presented in the present work are those 
based on (Nu,/Nu,) = 1,OO; i.e. that distance 
from the entrance to the cross section where 
temperature profile has no straight-line portion 
normal to the fluid flow axis. 

Therefore, in the present analysis the values 
of (x/De), corresponding to (Nu,/Nu,) = 1.00 
are plotted in Fig. 7 for three Prandtl numbers 
along with the values of (x/De), corresponding to 
(NuJNu,) = 1.05 which have been read from 
Figs. 5(aac). 

It is of great interest to note from Fig. 7 that 
the effect of Prandtl number on (x/De), is in 
completely opposite agreement according to 
the definition used. 

By definition based on (Nu,/Nu,) = IGO, the 
thermal entrance length, (x/De),, increase as the 
Prandtl number increase. 

However, if the definition of thermal entrance 
length based on (NuJNu,) = 1.05 is taken, the 
values of (x/De), decrease markedly with in- 
creasing Prandtl number which is in accord with 
the findings of Sparrow et al. [5]. The effect of the 
definition of (x/De), is more critical with high 

Prandtl number. For example, at a Reynolds 
number of 100000 for a radius ratio of 1.5, for 
Prandtl number of 10, (x/De), based on (NuJ 
Nu,) = 1.05 is about 3.5, which is less that 15 
per cent of the value for fully developed flow. 

To distinguish between heat-transfer co- 
efficients differing from each other by only 5 per 
cent, is practically impossible in an experimental 
investigation, since the spread of experimental 
data in the heat-transfer field is usually greater 
than 5 per cent, no matter how careful and 
complete the experimental programme may be. 

Therefore, it may be concluded from the above 
discussion that the effect of Prandtl number on 
the thermal entrance length, (x/De),, is extremely 
difficult to determine experimentally. 

The effect of radius ratio on the variation of 
Nusselt numbers and entrance lengths can be 
seen in Fig. 8. The values of (NuJNu,) for smaller 
GL are higher than those for a larger tx. At this 
point, it must be mentioned that the results of 
Kays and Leung [l] should be comparable but 
their presentation of results were such that 
direct comparison with the present work was 
not possible. The values of the fully developed 
thermal entrance lengths, (x/De),,, based on 
(NuJNu,) = 1.00 are also plotted in Fig. 9 for 
various values of radius ratios. The comparison 
indicates that the values of (x/De), for smaller o! 
are again larger than those for larger a. 

Predicted Nusselt numbers for fully developed 
heat transfer, calculated from equation (21) are 
plotted against Reynolds number for various 
values of Prandtl number in Fig. 10(a) and for 
various values of radius ratio in Fig. 10(b). In 
Fig. 10(b), the pipe flow case (e.g. Deissler work 
[4]) has not been compared with the results of 
the present analysis as the heating boundary 
conditions are different; however, the case of 
heat transfer from one wall of a parallel plate 
channel [20] has been compared, the heating 
boundary conditions being compatible. The 
curve for this case by the present analysis, that is 
for c( A 1, agrees very closely with that given 
in [20]. The increasing Nusselt number with 
increasing radius ratio can be also seen. 
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1.E 

I.7 
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Nu, 
Nu, 

1.t 

I.4 

I.? 

1.2 

I. I 

Qf 

1.c 

60 

20 

/X /Del* 

IO 

8 
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4 6 6 IO4 2 4 6 6105 2 4 6 6 106 

FIG. 7. Variation of fully developed therzz entry lengths with Re and Pr, ct = 1.5. 

4 6 I2 I6 20 

X/De 

‘4 

Pr= 0.72 

Re= 10000 5s 
FIG. 8. Entrance region Nusselt numbers. 

Comparison between the present theory and 
the results of other workers for the fully 
developed heat transfer in an annulus is made in 
Fig. 11, in which Nusselt numbers are plotted 
against Reynolds number for a radius ratio of 
3.875. The experimental Nusselt numbers and 
Reynolds numbers of [7] were obtained at 
points (x/De) = 52.5 and 62.5 from the entrance 
where the flow was practically fully developed 
and the physical properties were evaluated at the 
bulk temperature. 

Despite the different method of analysis, the 
results of Barrow [17] are in good agreement 
with that of present analysis in the range of 
Reynolds numbers shown, though the slope of 
Barrow’s curve is slightly lower than that of the 
present. However, Barrow also employed an 
almost identical modified velocity profile in his 
analysis and this indicates the importance of 
the assumption regarding the velocity profile 
for an annular flow heat-transfer analysis. 

The difference between the analytical results 
of Barrow [ 171 and the present author, and that 
of Kays and Leung [l] on the fully developed 
heat transfer is due possibly to differences in 
the premise on velocity field in an annulus. The 
curves of Davis [21], Monrad and Pelton [22] 
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FIG. 9. Fully developed thermal entry lengths. 
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and Walger [23] are all empirical correlations 
and are much higher than those of this analysis. 

5. 
4. CONCLUSIONS 

The following conclusions were derived from 
the analytical investigation of the local heat- 6. 

transfer characteristics and entrance length for 
fluid flowing turbulently in concentric annuli 
with a fully developed velocity profile and a 7. 
uniform heat flux at the core wall : 

flow in the entrance regions of smooth passages, NACA 
TN 3016 (1953). 
J. A. SPARROW, T. M. HALLMAN and R. SIEGEL, 
Turbulent heat transfer in the thermal entrance region 
of a pipe with uniform heat flux, Appl. .%icw/. Res. 7, 
37 (1958). 
J. P. HARTNETT, Experimental determination of the 
thermal entrance length for the flow of water and oil in 
circular pipes, Trans. Am. Sot. Mech. Engrs 71, 1211 
(1955). 
Y. LEE and H. BARROW, Turbulent flow and heat 
transfer in concentric and eccentric annuli, Paper 12, 
Thermodynamics and Fluid Mechanics Convention, 
Cambridge (1964). 
J. A. BRIGHTON and J. B. JONES. Fully developed 
turbulent flow in annuli. J. Bas. Engng 86 835-844 
(1964). 
H. LAMR. H~~drodynomics. 5th edn.. p. 55. Cambridge 
University Press. Cambridge (1924). 
V. K. JONWN and E. M. SPARROW, Experiments on 
turbulent flow-phenomena in eccentric annular ducts, 
J. Fluid Mech. 2S,65-86 (1966). 
H. BARROW, Y. LEE and A. ROBERTS, The similarity 
hypothesis applied to turbulent flow in an annulus, Znr. 
J. Heat Mass Transfer 8, 1499 (1965). 
R. R. ROTHFUS, C. C. MONRAD and V. E. SENECAL, 
Velocity distribution and fluid friction in smooth 
concentric annuli, Znd. Engng Chem. 42(2), 2511 (1950). 
J. D. DENTON, Turbulent flow in concentric and eccentric 
annuli, M.Sc. Thesis, University of British Columbia 
(1963). 
H. REICHARDT, Die WLrmeiibertragung in Turbulenten 
Reibungschichten. Z. Angw. Math. Mech. 20. 297 
(1940). 
P. H. ABBRECHET and S. W. CHURCHILL, The thermal 
entrance region in fully developed turbulent flow, 
A.1.Ch.E. JI 6, 269 (1960). 
T. J. HANRATTY, Development of temperature profile 
for turbulent heat exchange in a pipe, Tech. Report 
No. 10, University of Illinois (1961). 
H. BARROW, Turbulent heat transfer in gas flow between 
two smooth parallel walls one of which is adiabatic, 
Ph.D. Thesis. Universitv of Livernool (1963). 
R. G. DEISL~R and C. -S. EIAN, Analytical gnd experi- 
mental investigation of fully developed turbulent flow 
air in a smooth tube with heat transfer with variable 
fluid properties, NACA TN 2629 (1952). 
L. M. K. BOELTER, D. YOUNG and H. IVERSEN, An 
investigation of aircraft heaters XXVIII: The distribu- 
tion of heat transfer rate in the entrance region of a 
circular tube, NASA TN 1451 (1948). 
H. BARROW and Y. LEE, Heat transfer with unsym- 
metrical thermal boundary conditions, Znt. J. Heat 
Mass Transfer 7, 580 (1964). 
E. S. DAVIS, Heat transfer and pressure drop in annuli, 
Trans. Am. Sot. Mech. Engrs 65. 755 (1943). 
C. C. MONRAD and J. F. PELTON, Heat transfer by 
convection in annular spaces, Trans. Am. Inr. Chem. 
Engrs 38,593 (1942). 
0. WALGER, WBrmeiibergang in ringformigen Strii- 
mungsquerschnitten, Chemie-Zngr-Tech. 25,474 (1953). 

The fully developed turbulent heat transfer 
based on (NuJNu,) = 190, was attained 
generally in an entrance length of less than 
thirty equivalent diameters for the range of 
fluid flow studied. 
The effect of increasing the radius ratio was 
to decrease (NuJNu,) for a given x/De and 
Reynolds number, and also increase in the 
radius ratio leads to decrease in the thermal 
entrance length, but to increase in the Nusselt 
number. 
For low Prandtl number, increase in Reynolds 
number leads to an increase in (x/De), based 
In (NuJVu,) = 100; at very high values of 
Prandtl number, the variation of (x/De), with 
Reynolds number is more complex. However, 
the effect of Reynolds number has, in general, 
a minor influence on (x/De), for Prandtl 
number greater than unity. 
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R-On Ctudie les problemes de la croissance de la couche limite thermique et du transport de 
chaleur, pour un ecoulement turbulent entitrement Ctabli au point de we hydrodynamique dans un tuyau 
annulaire g cylindres concentriques au moyen des kquations intkgrales de la quantitk de mouvement et du 
transport de chaleur avec un profil universe1 modifiC de vitesse. 

La recherche ttait conduite dans une gamme de rapport de rayons de 1,Ol g 5, de nombres de Prandtl 
de 0,Ol B 30 et de nombres de Reynolds de 10000 & 20000. 

Les r&ultats rtvtlent qu’en gtntral le coefficient de transport de chaleur atteint la valeur du rkgime entibre- 
ment Ctabli en moins de 30 diam&res Cquivalents; et en outre que la longueur d’entrk dtpend d’une 
faGon mod&e du rapport des rayons. 

I1 y a un bon accord entre I’analyse actuelle et les don&es exp&imentales existentes pour les regions 
du profil de temp4rature entitrement ttabli. 

Zusammenfassung-Probleme des Anwachsens der thermischen Grenzschicht und des WIrmeiibergangs 
bei hydrodynamisch voll ausgebildeter turbulenter Strijmung in konzentrischen Ringrlumen werden mit 
Hilfe der Bewegungs- und WBrmeiibergangsgleichung unter Verwendung eines modifizierten universellen 
Geschwindigkeitsprofiles gel&t. 

Die Untersuchung wurde durchgefiihrt fiir Radiusverhiiltnisse von 1,Ol bis 5, Prandtl-Zahlen van 0,Olbis 
30 und einem Reynolds-Zahlenbereich von 10000 bis 200000. 

Die Ergebnisse zeigen, dass im allgemeinen der Wlrmeiibergangskoefzient seinen Endwert nach einer 
Ljinge von weniger als dreissig hydraulischen Durchmessern erreicht, und dass die Einlaufliinge etwas vom 
Radiusverhtitnis abhlngt. 

Es besteht gute ubereinstimmung zwischen der gegenwlrtigen Analyse und bekannten Versuchswerten 
fiir voll ausgebildete Temperaturprofilbereiche. 

hmoTaqm-3ana-m pocla TenhOBOrO norpaKw~Hor0 CJIOR K TennOO6MeHa gafi IIOJIHOCTbH) 
pa8BHTOrO Typ6yJIeHTHOIY) lIOTOKa B KOJlbQBBblX KBHB&iX KCCJIBAOBBJlkiCb C IXOHOIlJbK) 
AHTBrpBJIbHHX ypaBHBHH# TelTJIOlTepeHOCa K KOJIHWCTBa I[BKXIeHKR, a TaK?Ke C IIOHOWbIO 

yHkiiflSi~KpOBaHHO~OJ'HHBepCaJlbHO~O IlpO@HJIHCKOpOCTK. 

kiCCJIe~OBaHUe IlpOBOAUJIOCb ti AUalTa8OHe OTHOUIeHMtt p=KyCOB OT I,01 A0 5, 4WCen 

HpaHATJIR OTo,ol HONK WiCeJl Pe%tHOJIbACaOT 1O~AO 20000. 
PeQ'JIbTaTbl IIOKatlbtBaIOT,9TO,B oBmena, KOFN#IH~HeHT Tenaoo6meHa AOCTHl'aeT BeJIKWiWI 

WR nonKocTbm paaBwTor0 TeKnepaTypHoro II~O+~JIH He nfeHee, gen qepea 30 aKBKBaneHTHhn[ 
AWaMeTpOB, a TaKXie, 'IT0 AJIKHa HaYaJIbHOrO YYaCTKa B HeKOpOTOZt CTelleHK OPBHCKT OT 

OTHOLUeHWFl paAHyCOB. 

CylqeCTBJ'eT xopomee cornacoBamie memy AaHHLJM TeOpeTWIeCKHM aKanKaoK n KMemw- 

MMCK BKClIepKMeHTaJIbHhIMH AaHHbIMK AJrR o6nacTeft IlOJIHOCTbH) pa8BKTOI'O TeMIIBpaTypHol’o 
npo+Is . 


